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Abstract 

In this paper we construct star products on a pseudo-Kahler manifold (M,cu,I) using a 
modification of the Fedosov method based on a different fibrewise product similar to the Wick 
product on C™. Having fixed the used connection to be the pseudo-Kahler connection these 
star products shall depend on certain data given by a formal series of closed two-forms on M 
and a certain formal series of symmetric contravariant tensor fields on M. In a first step we 
show that this construction is rich enough to obtain star products of every equivalence class by 
computing Deligne's characteristic class of these products. Among these products we uniquely 
characterize the ones which have the additional property to be of Wick type which means 
that the bidifferential operators describing the star products only differentiate with respect to 
holomorphic directions in the first argument and with respect to anti-holomorphic directions in 
the second argument. These star products are in fact strongly related to star products with 
separation of variables introduced and studied by Karabegov. This characterization gives rise 
to special conditions on the data that enter the Fedosov procedure. Moreover, we compare 
our results that are based on an obviously coordinate independent construction to those of 
Karabegov that were obtained by local considerations and give an independent proof of the fact 
that star products of Wick type are in bijection to formal series of closed two-forms of type (I, I) 
on M. Using this result we finally succeed in showing that the given Fedosov construction is 
universal in the sense that it yields all star products of Wick type on a pseudo-Kahler manifold. 
Due to this result we can make some interesting observations concerning these star products; we 
can show that all these star products are of Vey type and in addition wc can uniquely characterize 
the ones that have the complex conjugation incorporated as an anti-automorphism. 
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1 Introduction 

The concept of deformation quantization as introduced in the pioneering articles pQ by Bayen, 
Flato, Fr0nsdal, Lichnerowicz and Sternheimer has proved to be an extremely useful framework for 
the problem of quantization: the question of existence of star products * (i.e. formal, associative 
deformations of the classical Poisson algebra of complex- valued functions C°°(M) on a symplectic 
or more generally, on a Poisson manifold M, such that in the first order of the formal parameter 
v the commutator of the star product yields the Poisson bracket) has been answered positively by 
DeWilde and Lecomte jS], Fedosov j^j, Omori, Maeda and Yoshioka [2^] in the case of a symplectic 
phase space as well as by Kontsevich |2l)| in the more general case of a Poisson manifold. Moreover, 
star products have been classified up to equivalence in terms of geometrical data of the phase space 
by Nest and Tsygan [21], Bertelson, Cahen and Gutt |2j, Weinstein and Xu [23| on symplectic 
manifolds and the classification on Poisson manifolds is due to Kontsevich |2Uj . Comparisons 
between the different results on classification and reviews can be found in articles of Deligne [Jj, 
Gutt and Rawnsley fl^ HSj. Neumaier [2T] and the thesis of Halbout [TI| . 

In the case of deformation quantizations with separation of variables on Kahler manifolds 
Karabegov proved existence and gave a classification using a formal deformation of the Kahler 
form in |15| I16j . Moreover, he has shown in JJ| that the Fedosov approach to star products of 
Wick type that only differ from those with separation of variables by interchanging the roles of 
holomorphic and anti-holomorphic directions and a minus sign in front of the symplectic resp. 
Kahler form considered by Bordemann and Waldmann in corresponds to the trivial deformation 
in the sense of his classification. This result naturally raises the question, whether this construction 
can be generalized as to obtain all star products of Wick type on a Kahler manifold. 

The aim of this paper is to give a positive answer to this question stressing the power and 
beauty of Fedosov's method and allowing for a global, geometrical description of all star products 
of Wick type that avoids local considerations in coordinates. In addition the further investigation 
of additional properties of the star products of Wick type is extremely simplified due to the simple, 
lucid description of these star products encoded in the Fedosov derivation. Moreover, our result 
represents the justification to restrict to the Fedosov framework when addressing further questions 
like the construction of representations for star products of Wick type. 
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The paper is organized as follows: In Section [21 we establish our notation and remember some 
basic definitions that are needed in the context of star products of Wick type on pseudo-Kahler 
manifolds. Section El is devoted to the presentation of the Fedosov constructions using different 
fibrewise products. Moreover, we give explicit constructions for equivalence transformations relating 
the resulting star products that enable us using our result in [22 Thm. 4.4] to show that the given 
construction with o Wick is rich enough to obtain star products in every equivalence class. After 
this first important result we give a unique characterization of the star products of Wick type in 
Section 21 obtained from our construction in terms of the data that enter the Fedosov construction. 
In addition we can prove that the star products of Wick type only depend on a formal series of 
closed two-forms of type (1, 1). In Sectional we remember some results of Karabegov obtained in 
|15j and give elementary proofs of the important statements. Using these results we are in the 
position to prove the main result of the paper in Section El stating that every star product of Wick 
type (not only such a star product in every possible equivalence class) can be obtained by some 
adapted Fedosov construction. Using this fact we can draw some additional conclusions concerning 
the structure of such products, in particular we show that each such product is of Vey type. In 
AppendixEJwe have collected some notations and results concerning the splittings into holomorphic 
and anti-holomorphic part of the mappings that are essential for the Fedosov construction that make 
use of the presence of the complex structure I and that are important for the proofs and statements 
given in Sections 0] and HO A further Appendix El is added for completeness providing some details 
on the application of Banach's fixed point theorem in the framework of the Fedosov construction 
which constitutes an important and simplifying tool for several proofs in Sections [HI and 

Conventions: By C°°{M) we denote the complex- valued smooth functions and similarly 
T°°(T*M) stands for the complex- valued smooth one- forms et cetera. Moreover, we use Einstein's 
summation convention in local expressions. 

Acknowledgements: I would like to express my thanks to Stefan Waldmann for a careful 
reading of the manuscript and many comments and useful discussions. Moreover, I should like 
to thank Alexander V. Karabegov for the inspiring discussions that initiated the investigations 
of the topic of the paper. Finally, I want to thank the DFG-Graduiertenkolleg "Nichtlineare 
Differentialgleichungen - Modellierung, Theorie, Numerik, Visualisierung" for financial support. 

2 Some Notations and Basic Definitions 

Let (M,uj,I) denote a pseudo-Kahler manifold with dhriR(M) = 2n, i.e. (M,g) is a pseudo- 
Riemannian (no positivity is required) manifold such that the almost complex structure I is an 
isometry with respect to g (g is Hermitian) and the almost complex structure is flat with respect 
to the Levi-Civita connection V corresponding to g. Under these conditions it is known that 
M is a complex manifold such that the almost complex structure I coincides with the canonical 
complex structure of M and that u defined by u(X,Y) := g(IX,Y) for X,Y € r°°(TM) is a 
closed non- degenerate two-form and hence a symplectic form on M, the so-called pseudo-Kahler 
form. Moreover, one obviously has that V defines a torsion free symplectic connection since uo is 
also flat with respect to the connection V which is called the pseudo-Kahler connection. As g is 
Hermitian both g and u are of type (1, 1) and in a local holomorphic chart of M one can write 
u> = ^g k jdz k A dz l with a Hermitian non-degenerate matrix g,-, = 2g(Zk, Z{). Here Z^ = d z k and 
Z\ = d^i denote local base vector fields of type (1,0) and of type (0,1) (cf. Appendix EJ) that 
locally span the +i and — i eigenspaces TM 1,0 and TM 0,1 of the complex structure I. 

The most simple example of a (pseudo-)Kahler manifold is given by C n endowed with the 
canonical (pseudo-)Kahler form ojq = ^5 k jdz k A dz l . In this case it is well-known that one can 
define an associative product on the functions on C n that are polynomials in the coordinates (z, z) 
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using the Wick resp. normal ordering of creation and annihilation operators. Replacing h by j in 
the resulting formula for the product of two polynomial functions F, G on C n one obtains 

F w a.n m'** . . . ^ a, 



^ l\ \ i / " ' dz il ■ ■ ■ dz l i dz n ■ ■ ■ dp* 

From this explicit expression it is obvious that one obtains a star product, the so-called Wick 
product, also denoted by * W ick on (C n ,cJo) using this formula for /, g € C°°(C n )[[i/]] instead of 
F, G. Considering the explicit shape of * Wick one immediately notices that / * W ick h coincides with 
the pointwise product of / and h for all holomorphic functions h € 0(C n ) and all / £ C°°(C n ). 
Moreover, we have h'-k Wick g = h'g for all anti-holomorphic functions h! £ 0(C n ) and all g G C°°(C n ). 

In order to generalize this property of the star product * W ick to star products on an arbitrary 
pseudo-Kahler manifold the following definition offers itself: A star product on (M,u,I) is called 
star product of Wick type if in a local holomorphic chart the describing bidifferential operators C r 
for r > 1 have the shape 

K,L 

with certain coefficient functions C^ ,L . Obviously this characterization of star products of Wick 
type is a global notion on pseudo-Kahler manifolds which indeed is equivalent to the following (cf. 
Thm. 4.7]): 

Definition 2.1 A star product * on a pseudo-Kahler manifold (M,u,I) is called star product of 
Wick type if for all open subsets U CM and all f,g, h, ti £ C°°(M) with h\u € G(U), h'\u G 0{U) 
the equations 

f*h\u = fh\u and h'-kg\ u = tig\ u (3) 

are valid. 

Compared to the definition of a star product with separation of variables as introduced by 
Karabegov the roles of holomorphic and anti-holomorphic directions are interchanged here and 
according to our convention for the sign of the Poisson bracket the star products with separation of 
variables that are considered by Karabegov are star products on (M, —u, I). Briefly, this means that 
a star product * on (M, u, I) is a star product of Wick type if and only if the opposite star product 
* opp which is defined by / * opp g := g * / for f,g € C°° (M ) [[u]] is a star product with separation 
of variables on (M, —to, I). In physics literature the star products with separation of variables on 
(M, u, I) are usually called star products of anti-Wick type since in the example (C n , ujq) they arise 
from the anti-Wick resp. anti-normal ordering of creation and annihilation operators. In this case 
an explicit formula can be obtained very easily and is given by 
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This example motivates the definition: 

Definition 2.2 A star product -k on a pseudo-Kahler manifold (M,uj,I) is called star product of 
anti-Wick type if for all open subsets U C M and all f,g,h,h' £ C°°(M) with h\u € 0(U),h'\jj € 
0(U) the equations 

h*f\u = hf\u and g- k ti\ u = gti\ u (5) 

are valid. 
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There is a very simple relation between star products of Wick type and star products of anti- 
Wick type that can be established using the parity operator P defined by P := (— l) deg ", where 
deg„ := vd v , that obviously satisfies P 2 = id. For any given star product * on (M, ui, I) we consider 
* Pj0pp defined by / * Pj0pp g := P((P/) *o PP (PfiO) = P((Pff) * (P/)) tnat again is a star product on 
(M,uj,I). Obviously the mapping * i— > * Pj0pp establishes a bijection on the set of star products on 
(M, u, I) and from P 2 = id it is evident that * Pj0pPp opp = *• It follows from the very definitions that 
* is of Wick type resp. anti-Wick type if and only if * P;0pp is of anti-Wick type resp. Wick type. 
Due to this relation we shall mostly restrict our attention to the investigation of star products of 
Wick type and deduce the respective analogous statements for the star products of anti-Wick type 
using the aforementioned mapping. 

3 Fedosov Star Products, Equivalences and Characteristic Classes 

In this section we shall briefly recall Fedosov's construction of star products using some different 
fibrewise products that are adapted to the special geometric situation on a pseudo-Kahler manifold 
and are modelled on the examples * Wick resp. * Wick on C n . Moreover, we shall relate the obtained 
star products to star products that are obtained using the usual fibrewise Weyl product as in 
Fedosov's original construction by explicitly constructing equivalence transformations between the 
different products. Using our result in Thm. 4.4] and these equivalences it is trivial to 
compute the characteristic classes of the constructed star products. In addition we shall establish 
some further relations between the obtained star products. 

In the following (M, u, I) is a pseudo-Kahler manifold and V denotes the corresponding pseudo- 
Kahler connection. The basis for Fedosov's construction (cf. [9j HDj) is the following C[[z/]] -module 

W®A(M) := (X~ r°°(V s T*M ® f\T*M)) [[v]]. (6) 

If there is no possibility for confusion we simply write W®A. By W®A k we denote the elements 
of anti-symmetric degree k and set W := W<S>A°. For a, b G W<8>A one defines their pointwise 
(undeformed) product denoted by fi(a®b) = ab by the symmetric V-product in the first factor and 
the anti-symmetric A-product in the second factor which turns W<8>A into a super-commutative 
associative algebra. Then the degree-maps deg s , deg a , deg„ := vd v and Deg := deg s +2 deg„ are 
defined in the usual way and yield derivations with respect to fi. For a vector field X G r°°(TM) 
the symmetric resp. anti-symmetric insertion maps are denoted by i s (X) resp. i a (X) which are 
super-derivations of symmetric degree —1 resp. and anti-symmetric degree resp. —1. In local 
coordinates x , . . . , x 2n for M as a real 2n-dimensional manifold we define 5 := (1 <8> dx r )i s (di) and 
5* := (dx l <S) l)i a (di) satisfying the relations 5 2 = (5*) 2 = and 66* + 6*6 = deg s + deg a . Denoting 
the projection onto the part of symmetric and anti-symmetric degree by a : W<8>A — > C°°(Af)[[z/]] 
one has 

66- 1 + 6^6 + a = id, (7) 

where 6~ 1 a := ^j6*a for deg s a = ka, deg a a = la with k + I ^ and 6~ 1 a := else. 

Now we consider different fibrewise associative deformations of the pointwise product For 
a, b G W<8>A the usual fibrewise Weyl product o p which was used in Fedosov's original construction 
is defined by 

a o F b := n o exp (^-k l H s (di) <g> is(dj)^J (a <g> b), (8) 

where A 13 denotes the components (in real coordinates) of the Poisson tensor corresponding to the 
symplectic form u that are related to the ones of oj by the equation uJkjX 13 = 6i. Moreover, we can 
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define the fibrewise Wick product o Wick by 

a o Wick b := n o exp (^-g kl i s {Z k ) (g i s {Zi)^j (a ® b) (9) 

and the fibrewise anti-Wick product by 

a °wick b := fio exp f-^-g kl i s (Zi) <g) i s (Z fc )^ (a ® 6), (10) 

where we have used local holomorphic coordinates of M as a re-dimensional complex manifold and 
the Poisson tensor is written as A = "ig kl Z k A Z\ with g kl gkn = 8jp Using these products we define 
deg a -graded super-commutators with respect to o<> and set ad (a)6 := [a,6] 0o , where o stands for 

F, Wick Or Wick. 

The considered fibrewise products turn out to be fibrewisely equivalent, i.e. we have 

S- l ((Sa)o Wic]i (Sb)) = ao F b = S((S~ l a)o w ^(S- 1 b)) Va,6eW®A, (11) 

where the fibrewise equivalence transformation is given by 

S : = exp (yA flb ) with A fib := ^% 8 {Z k )i a (Zi). (12) 

Because of the explicit shape of the fibrewise products o F , o Wick , it is obvious that 5 is a 

super-derivation of anti-symmetric degree 1. In addition one immediately verifies that the total 
degree-map Deg is a derivation with respect to these products such that (W®A, o ) is a formally 
Deg-graded algebra, where again o stands for f, wick or WIS. Using the pseudo-Kahler connection V 
on TM that extends in the usual way to a connection on T*M and symmeric resp. anti-symmetric 
products thereof we define (using the same symbol as for the connection) the map V on W(8>A 
by V := (1 <g> da; l )Vg i . Since the pseudo-Kahler connection is symplectic V turns out to be a 
super-derivation of anti-symmetric degree 1 and symmetric degree with respect to the fibrewise 
product o F . From the additional property of the pseudo-Kahler connection that VI = one directly 
finds that [V, A flb ] = and hence V = SVS^ 1 = 5 _1 V5. These relations together with equation 
(fTTj) imply that V is also a super-derivation with respect to the fibrewise products o Wick and o^^. 
Moreover, [5, V] = since the pseudo-Kahler connection is torsion free and V 2 = —^a,d F (R), where 
R := \ui t R t j kl dx i V dx j (g> dx k A dx' = ^g kI R^.-jdz k V dz l (g) dz l A dz j G Wig) A 2 involves the curvature 
of the connection. As consequences of the Bianchi identities R satisfies 5R = Vi? = 0. Since V 
commutes with S we also have V 2 = 5V 2 5 _1 = — ^Sad F (R)S~ 1 = —^&d Wick (SR) = — ^ad Wick (i?). 
Here we again have used equation l(TT|) and SR = R + jA hb R which implies the above equation 
since deg s A flb i2 = and hence ad Wick (A flb i?) = 0. Analogously one finds V 2 = — ^adi^^(R). 

Now remember the following two theorems which are just slight generalizations of Fedosov's 
original theorems in Thm. 3.2, 3.3], where o stands for f, wick or wick: 

Theorem 3.1 Let il = Yl"S=i i^fioi denote a formal series of closed two-forms on M and let 
s^ = J^fcls s o^ G VV 6e given with a(s <> ) = and Degs<>( fc ) = ks ^ . Then there exists a unique 
element r<> G WfgA 1 of total degree > 2 such that 

5r = Vr r o r Q + R + 1 (g Q<> and 5~ 1 r c , = s . (13) 

Moreover, r = Y^,T=2 ?V fc ^ with Degr ( fc ) = kr^' satisfies the formula 

r-o = 5s Q + (T 1 (\7r - K o r + R + 1 <g> n o ^j (14) 
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from which r can be determined recursively. In this case the Fedosov derivation 

Do := -6 + V - iad (r ) (15) 

is a super- derivation of anti- symmetric degree 1 with respect to o and has square zero: S 2 = 0. 
Theorem 3.2 Let £><> = -S + V - ^ado(r ) be given as in h!5\) with r as in h 

i. ) Then for any f G C°°(M)[[^]] there exists a unique element To(/) € ker(5)o) H W snc/i i/iai 

a(ro(/)) = / and To : C°°(M)[[i/]] — > ker(£) ) H W is C[[z/]] -linear and referred to as the 
Fedosov -Taylor series corresponding to D . 

ii. ) For f G C°°(M) we Tiawe r (/) = J2T=o T «U) (k) , where Degr (/)W = fcr (/)( fc) tofcich can 6e 

obtained by the following recursion formula 



o(/)W = / 



To (/ ) (^i) = r 1 ( Vro(/)W - ~ £ ad^r^M/)*"'' 



' ' X (16) 



i=o / 

Hi.) Since So is a o - super- derivation of anti- symmetric degree 1 as constructed in Theorem \H.l\ 
ker(£>o)nW 

is a o -subalgebra and a new associative product #o /or C°°(iW)[[f]] is defined by 
pull-back of via r<> ; which turns out to be a star product on (M, u, I). 

One first result concerning all the star products constructed above is the following: 

Proposition 3.3 The star products * F , * Wick and *wick on (M,u,I) are of Vey type, i.e. the 
bidifferential operators C 0)T describing the star product in order r of the formal parameter via 
f *o9 = E^Lo ^ r Co,r(/, g) for f,g G C°°{M) are of order (r, r). 



Proof: We write the term of total degree k ^ in the Fedosov- Taylor series as r (/)' fe ^ = J2\=o ' ^ T <>(/)fe-2i 
where r (/)fj 2i G r°°(\/ k ^' 21 T*M) for / 6 C°°(M). A straightforward computation yields that 

oo r — 1 I 
r=l 2=0 fe=0 

where we have written /x ,fe( • i • ) f° r the fibrewise bidifferential operator occurring at order k > 1 of the 
formal parameter in the fibrewise product o . Now a lengthy but straightforward induction on the total 
degree yields: 

Lemma 3.4 For all k > 1 and < I < [^] i/ie mapping 

C°°(M) 9 / h-> r (/)^ 2i G r°°(V fe " 2/ T*M) (17) 
is a differential operator of order k — I. 

According to this lemma tJl}^^ is a differential operator of order r ~ I + k and tJ^^ is a differential 
operator of order r — k. Observing the ranges of summation in the expression for C ,r given above it is easy 
to see that the highest occurring order of differentiation is r in both arguments, proving the assertion. □ 

In fact an analogous statement to the one of the above proposition which shall be published 
elsewhere [221 holds in even more general situations, where one can construct Fedosovdike products. 

Another observation that is indeed rather technical but shall turn out to be useful and important 
in the next section is that one can restrict to elements s that contain no part of symmetric degree 
1 without omitting any of the possible star products in case one allows for all possible formal series 
of closed two- forms f2<>. 
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Lemma 3.5 Let £> and D'^ be two Fedosov derivations for o constructed from different data 
(f2 ,s ) and (Q' ,s' ), then we have 

^=^^^-^=1^3^ s i~_x=il! and (i8) 

where B = v% ^oi € r°°(T*M)[[z/]] is a formal series of one-forms on M. In case one of the 

conditions in Uty) is fulfilled obviously the star products * an d coincide. 

Proof: Obviously D = ®' ^ad (r' — r ) = but this is equivalent to r' — r being central and 

hence r' — r = 1 (g> B with a formal series B of one-forms that vanishes at order zero of the formal 
parameter since the total degree of r'^ and r is at least 2. For the proof of the second equivalence first let 
r' — r = 1 (g) B from which we obtain applying i5 _1 to this equation and using l|13|) that s' — s — B <S> 1- 
To obtain the second equation we apply S to r' — r = 1 ® B and a straightforward computation using (1 1 31) 
and V(l®-B ) = l®dB yields = dB + Q' — fi<> proving the first direction of the second equivalence. Now 
assume that the relations between the data (fi , So) and (fi^, s' ) are satisfied and define A<> := r — r'^ + 1 (g> S<> 
then an easy computation using (|13|> yields that A fulfills the equations 

-5A o + VA o --&d <> (r <> )A o + -A< > o o A <> = and 5~ 1 A = 0. 
v v 

From these equations one obtains with cr{A^) = using the decomposition 88~ x + 8~ 1 5 + a = id that A is 
a fixed point of the mapping L defined by La := 8 ^(Va — ^ad (r <> )a + o a) for a e WtgiA 1 which is at 
least of total degree 2. Now L raises the total degree at least by 1 and using Banach's fixed point theorem 
(cf. Corollary IB. 31 ii.)) we obtain that L has a unique fixed point. But as well A as (trivially) are fixed 
points of L yielding A — by uniqueness and hence r 1 ^ — r = 1 ® B . □ 

The statement of the preceding lemma now means the following: Starting with a formal series 
il<> of closed two-forms and an element s with <t(s<>) = that in addition contains no part of 
symmetric degree 1 and passing over to the normalization condition s = s + B <g> 1 is equivalent 
to passing over to f2<> + di?o sticking to the normalization condition s<>. Hence we may without 
loss of generality restrict to normalization conditions shaped like s<> provided that we allow for 
arbitrarily varying closed two- forms 

Now we shall compute Deligne's characteristic class of the star products * F , * W ick an d *w!dT 
constructed above showing that one can obtain star products of every given equivalence class with 
each of the above fibrewise products o F , o Wick and by suitable choice of the closed two- forms 
S7 F , f2 W ick and ^wia- For details on the definition of Deligne's characteristic class and methods to 
compute it the reader is referred to EH HH ■ 

Proposition 3.6 Consider the star products constructed according to Theorem \3.°A Hi.). 

i. ) Deligne's characteristic classes c(* F ), c(#wick)) c(# Wick 

) G ^ + #| R (M,C)[[i/]] of the star prod- 
ucts * F , *wick, *widT on iM,u,I) are given by 

c(* f) = M + M, c( * Wick ) = M + fe±l_M, c( ^ ) = M + fed + w, (19) 

V V V V 1 V V 1 

where p denotes the Ricci form which is the closed two-form given by p = — ^Rgdz 1 A dz J 
resp. A flb i? = 1 (g) p and denotes the components of the Ricci tensor in a local holomorphic 
chart. 

ii. ) Because of the properties of the characteristic class i.) implies that two star products *<> and 

*' constructed from different data (f2<>, s ) and (f^, s' ) using the same fibrewise product o 
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are equivalent if and only if [0<>] = [O^] . In this case $7 — = dC with a formal series 
C Q = YliLi v% Co,i £ r°°(T*M)[[zv]] of one-forms on M and an equivalence transformation can 
be constructed in the following way: There is a uniquely determined element h Q = £ 
W with Deg/4^ = kh^ and o"(/i<>) = such that 

, exp (-adofho)) — id , , s 

<~ r o- 1 !\! (2>oM = 1 ® C - (20) 

For i/iis h one /ias 2)^ = exp (-ado(/i<>)) ^oexp (— iad (/io)) fl 71 ^ defined by 

A h J := a (exp ^adoCMJ t (/)) (21) 

for f € C°°(M)[[V|] t/ie inverse of which is given by f = o"(exp (— ^ad (/i<>)) fo(/)) * s an 
equivalence from *<> to <, i.e. A ho (f *<, g) = {A K f) *' {A K g)\/f,g £ C°°(M)[[i/]]. 

Proof: The characteristic class of * F has been determined in |^ Thm. 4.4] and is given by the above 
expression. We consider a Fedosov derivation 2) wick for o wick then obviously Dp := iS _1 X> W ick'5 = — 5 + V — 
iad F (<S -1 r W ick) defines a Fedosov derivation for o p . Now we define s' F := 8~ 1 S~ 1 r wic]i and observe that 
a(s' F ) = and that s' F contains no terms of total degree lower than 3. Moreover, the equation that is satisfied 
by r W ick yields that r' F := iS _1 r wick obeys the equation Sr' F = Vr F — ^r' F o p r' F + R — jl ® p + 1 ® O v 
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and hence from the first statement of the proposition we get c(* p ) — + ^ 2v ^ ick ^ — But this implies the 
result on the characteristic class of * wick as it is straightforward using the relation between Swick and D' F to 
see that S defined by 5/ := a(Sr F (f)) for / G C°°(M)[[j/]] yields an equivalence transformation from *' F to 
*wick (cf. jH Prop. 2.3]) implying that their characteristic classes coincide. For the proof of the formula for 
c (* wick ) one proceeds completely analogously replacing S by iS _1 in the above argument causing the opposite 
sign in front of the Ricci form p. For the proof of ii.) first note that two star products are equivalent if and 
only if their characteristic classes coincide yielding that * and *^ are equivalent if and only if [f2 ] = [f2^] 
by L). For the explicit construction of the equivalence transformation similar to the one in Thm. 5.2] 
one finds by easy computation that D' = exp (iad (/i )) £><> exp (— iad (/i )) if and only if H2U|) is satisfied. 
Applying 2) to this equation and using (|13|l together with ®1 = one finds that the necessary condition for 
(|20|l to be solvable is f2 — Sl^ = dC<> which is fulfilled by assumption. Solving l|2(J|) for D ho and applying 
S^ 1 to the obtained equation one gets using 5S _1 + S^^-S + a = id and a(h^) = that ho has to satisfy the 
equation 

ho = Co ® 1 + 5- 1 (vh - iado^)/^ jf^rn^l — rr( r « - r *)) ■ ( 22 ) 

V v exp(iad (/i )) - id / 

Taking into account the total degrees of the involved mappings it is easy to see that the right-hand side 
of this equation is of the form Lh , where L is a contracting mapping and again from Banach's fixed 
point theorem (cf. Corollary IB. 31 i.)) we get the existence and uniqueness of the element h satisfying 
ho = Lho- Now it remains to prove that this fixed point h actually solves (|20|) . To this end one defines 

A := — r~r^7T^vi — n( r 'o ~ r o) — fo^o — 1 ® C<> and applying 3 to this equation one derives an equation 

for Ao of the shape 2)oj4o = Rh^r' ,r (-^o)i where Rh^.r^r^ is a linear mapping that does not decrease the 
total degree. The explicit shape of Rh^,r' ,r is of minor importance. Using S^ 1 A<, = <j{A ) = this yields 
that A satisfies 

A = S- 1 (vA - iad (r )A - R KK ^{A<>) 

Again this is a fixed point equation with a unique solution, but as i?h , r ^,r is linear also solves this fixed 
point equation implying A<> = and hence ho with Lho = ho actually solves B20JI . Now as in i.) it is 
straighforward to conclude from 23^ = exp (iad (/i )) So exp (— iad (/i<>)) that Ah defined in is an 
equivalence transformation from * to *1. □ 
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Using the preceding proposition we are in the position to decide under which conditions on the 
respective data (s P ,f2 F ), (s Wick , Wick ) and (s^,!]^) the star products * F , * Wick and *yvick are 
equivalent and in this case we can moreover explicitly give an equivalence transformation using 
suitable combinations of the constructed transformations given in the proof of the proposition. 

To conclude this section we shall now give a condition on the data (s Wick , Wick ) and (s^, ^wia) 
under which we have that = (*wick) P which shall enable us to restrict all our further 

considerations to star products of Wick type, since from this relation we can immediately deduce 
the corresponding statement about the corresponding star product of anti-Wick type. 

Lemma 3.7 For = Ps WiC k and Ows = Pft Wick we have * w - k = (* W ick) Pi0pp , «-e. for all 

f,g€ C°°(M)[[u]] we have 

/*wr^ = P((P3)*wick(P/)). (23) 

PROOF: First we observe that P(a o wick b) = (— l)' a " b '(P&) (Pa) because of the explicit shape of the 

fibrewise products. Using equation for r wick one obtains that <5 -1 Pr wick = Pswick an d <5P^wick = 
VPr wick - i(Pr wick ) (Pr wick ) + R + 1 ® P£l W ick and hence for f%TA = Pswick and s-^^ = Ps wick 

we have = Pr wick implying that S^^P = PSwick- From this relation it is easy to deduce that 

P7wick(/) = t w!a(P/) f° r a h / S C°°(M)[[i/]] and using this equation the proof of is straightforward. 

□ 



4 Unique Characterization of the Star Products of Wick Type 

In this section we shall uniquely characterize the star products of Wick type among the star products 
*wick constructed in the preceding section, which actually not all are of Wick type although the 
fibrewise product o Wick used to obtain them is of this shape. Throughout the whole section we shall 
assume that T) Wick is a Fedosov derivation constructed as in Theorem 13.11 using an element s Wick 
as normalization condition for r Wick that contains no part of symmetric degree 1, which according 
to Lemma 13.51 represents no restriction for the obtained star products. Throughout this section we 
shall extensively make use of the notations and results given in Appendix ^ that are crucial for 
our investigations. 

In [Sj Bordemann and Waldmann have considered the star product * W ick in case s Wick = £l Wick = 
and have shown that the resulting star product is of Wick type. In their proof some special 
property of the element r Wick determining the Fedosov derivation was crucial. In this special case 
one has according to Lemma 4.5] for all q,p > that 

7Tg' r wick = vr s ,<? r wick = 0. (24) 

Particularly this means that in this case r Wick contains no part of symmetric degree 1. But in 
case S^wick 7^ one immediately finds that r^tt^ contains for some k > 1 a summand of the 
shape v k 5~ 1 {\ (g> ^ Wick) fc). On the other hand one cannot do without allowing for J7 Wick ^ as 
to obtain star products of arbitrary characteristic class because of Proposition 13.61 The only way 
out can consist in showing that a weaker condition on r Wick than (|24|) which can also be satisfied 
for Wick ^ suffices to guarantee that the resulting star product is of Wick type. The results of 
Karabegov on the classification of star products of Wick type now suggest that the case, where 
^wick is of type (1, 1) should be of special interest. 
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Lemma 4.1 Let r Wick € W^A 1 be constructed as in Theorem \H. 11 from s Wick containing no part of 
symmetric degree 1, then we have: 

vr 2 r Wick = 7r 2 (l <g> Wick ) = and ir z s Wick = 0, (25) 

^wick = <J=^> 7r 2 (l <g> Wick ) = and ir z s Wick = 0. (26) 

Hence ir z r Wick = ir-r Wick = if and only if S7 Wick is of type (1, 1) and TT z s Wick = ir-s Wick = 0. 

Proof: We first show the equivalence lf^5|) and first let n z (l ® f2 W ick) = 7TzS Wick = 0. Applying tt z to the 
equations that determine r wick we obtain using the formulas given in Appendix that 7r z r W ick satisfies the 
equations 

<5z 7r z?"Wick = V z 7T z r wick 7!" z ((7!"z r Wick) °Wick r Wick) an d S z 1 TT z r wick = 0. 

V 

Using S z 1 8 z + SzS^ 1 + n-^ = id these equations yield after some easy manipulations that 7r z r wick is a fixed 
point of the mapping L : ^(WSJA 1 ) 3 a i— » S z 1 (V z a — ^7r z (ad wick (r wick )a)) <E n z (W^iA 1 ) that raises the 
total degree at least by 1 and hence has a unique fixed point according to Corollarv lB . 31 iii . ) . Obviously L has 
as trivial fixed point implying that Tr z r wick = by uniqueness. For the other direction of the equivalence 
let 7r z r W ick = and again apply tt z to the equations that determine r wick then it is very easy to see that 
■""z^wick = implies that 7r z (l £g) f2 wick ) = and 7r z s wick = 0. For the proof of (|26|) one proceeds completely 
analogously. □ 
An important consequence of the presence of the complex structure on M is that the explicit 
expression for / * W ick 9 does not depend on the complete Fedosov- Taylor series of / and g but only 
on the holomorphic part of r Wick (/) and the anti-holomorphic part of T Wick (g). To see this fact we 
just observe that the properties of tt z and tt z given in Appendix pimply that 

/ *wick 9 = o-(r Wick (f) o Wick T Wick (g)) = cr((-K z T Wick (f)) o Wick (-K z T Wick (g))) . (27) 

This observation raises the question whether it is possible to find more simple recursion formulas 
for 7r 2 T Wick (/) and n z r Wick (g) than the one for the whole Fedosov- Taylor series, since these would 
completely determine the star product * Wick . Under the preconditions 7r 2 r Wick = and 7r 2 r Wick = 
this question can be answered positively as we state it in the following proposition. 

Proposition 4.2 Let r Wick € WfgA 1 be constructed as in Theorem \3. 1\ from s Wick containing no 
part of symmetric degree 1 and let r Wick denote the corresponding Fedosov- Taylor series according 
to Theoreml 



i.) //vr 2 r Wick = then 7r 2 r Wick (/) satisfies the equation 

S z TT z T Wick (f) = V 2 7r 2 T Wick (/) + ivr 2 ((7r 2 r Wick (/)) o Wick r Wick ) (28) 

for f £ C°°(M)[[^]]. In this case vr 2 r Wick (/) is uniquely determined from this equation since 
(J ( 7r z r wick(/)) = / an d can be computed recursively for f E C°°(M) from 



7r 2 r W ick(/) = / + Sz 1 ^V 2 7r 2 r W ick(/) + -vr 2 ((7r 2 r Wick (/)) o Wick r Wick ) 



(29) 



ii.) If vr 2 r Wick = then vr 2 T Wick (/) satisfies the equation 



S z TT-T Wick (f) = V-7r-r Wick (/) 7r-(r Wick o Wick (7r-r Wick (/))) (30) 

v 
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for f G C°° (M) [[u]] . In this case 7r-r Wick (/) is uniquely determined from this equation since 
o~(TT^T Wick (f)) = / and can be computed recursively for f G C°°(M) from 



7T2T wick (/) = / + 5z 1 ( V27T2T wick (/) - ivTj(r wic 



°Wick (7TzT W ick(/))) • (31) 



Proof: Applying 7r 2 to the equation S W ickTwick(/) = that is valid for all / € C°°(M)[[i/]] we obtain using 
Tz^wick = that 

S Z K z T wick (f) = V 2 7T 2 T Wick (/) H TTzdlTzTwickif)) °Wick ^Wick) 

V 

since 7r 2 (r wick o wick r wick (/)) = 7r 2 ((7r 2 r wick ) o wick r wick (/)) = 0. To this equation we apply t^ 1 and with 
equation (|85|) this yields the stated equation Q29J1 . Now the mapping T/ : 7r 2 (W) — > n z (W) defined by 
Tfa := / + J^ 1 (V 2 a + ^ir z (a o wick r wick )) turns out to be contracting and hence according to Corollary IB. 31 
iii.) there is a unique fixed point bf G 7r 2 (W) with Tfbf — bf that obviously satisfies <?(bf) — f. It remains 
to show that this fixed point actually solves the equation S z bf = V 2 6y + ^ir z (bf o wick r wick ) since then 
bf = K z T Wick (f). To this end one defines A := —5 z bf + V z bf + ^ir z (bf o wick r wick ) and an easy computation 
using Lemma [A.3I yields that A satisfies 8 Z A — V Z A — ^ir z (A o wick r wick ) from which we obtain again using 

that A is a fixed point of the mapping L : i: z {W®K l ) 3oh 5 z l {S7 z a— ^7r 2 (ao wick r wick )) G 7r 2 (W® A 1 ). 
But again this fixed point is unique and so we get A = implying that b / solves the equation that is solved 
by 7r 2 T Wick (/) proving that 7r 2 r wick (/) is uniquely determined by (|28|l and can be obtained recursively from 
(J2HJ)- For the proof of ii.) one proceeds completely analogously. □ 

An easy consequence of the preceding proposition is: 

Lemma 4.3 Let U C M be an open subset of M . 

i. ) If TT z r wick = then we have for all h! G C°°{M) with h'\ v G 0{U) that 

n z T wlck (ti)\u = h!\u- (32) 

ii. ) If TTzTwick = then we have for all h £ C°°(M) with h\u £ 0(U) that 

^-T W ick(h)\u = h\u . (33) 

Proof: To prove 132(1 it suffices to show that h'\u satisfies the equation that determines 7r z rwick(/i')lf ■ But 
this is an easy computation using that V z h'\u = since h! G 0(U) and again that 7r 2 r wick = 0. The proof 
of ii.) is completely analogous. □ 
With the results collected up to now we are already in the position to give a sufficient condition 
on which the star product * Wick is of Wick type. 

Proposition 4.4 Let D Wick be the Fedosov derivation constructed from the data (f2 Wick , Swick) an d 
let *wick be the resulting star product on a pseudo-Kahler manifold (M,uj,I). Moreover, let U CM 
be an open subset of M . 

i. ) If -it z (1 (g) f2 Wick ) = 7r 2 (s Wick ) = then we have for all g, h! G C°°(M) with h'\u G 0(U) that 

h' * W ick g\u = h'g\u. (34) 

ii. ) If 7Tz(l (g) ilwick) = ^(swick) = then we have for all f,h£ C°°(M) with h\u G 0(U) that 

f *wick h\u = fh\u- (35) 
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Consequently the star product * Wick is of Wick type in case we have vr 2 s Wick = 7T2,s Wick = and £l Wick 
is of type (1,1). 

Proof: i.) According to Lemma |4. II the conditions on s wick and f2 wick imply that 7r z r wick = 0. But with 
Lemma f4 . 31 i.) this directly implies the equation The proof of ii.) is analogous. □ 

Remark 4.5 It is remarkable that the statement of the above proposition shows that the two char- 
acterizing properties of a star product of Wick type can in fact be realized separately. In case 
equation \'J4\) is satisfied it is easy to see that the bidifferential operators describing * Wick in a local 

holomorphic chart are of the shape C r (f,g) = Y^KLM C^' L ' M 9 q z i/ 9 ^JlI m for r > 1. Analogously 
JHJ) implies that we have C r (f,g) = T,k,M,L Cr K ' M ' T ^Jk^m • 

Our next aim is to see that the conditions given in the above proposition are not only sufficient 
but even necessary for the equations (|3~4"|) and (|33|) to hold. To prove this we need the following 
two lemmas. 

Lemma 4.6 Let r Wick denote the Fedosov- Taylor series corresponding to S) Wick and let U C M be 
an open subset of M . 

i. ) If we have for all h! G C°°(M) with h!\u G 0(U) that the Fedosov-Taylor series satisfies 

KzTwick{h')\u = h'\u then we have ir z r Wick = 0. 

ii. ) If we have for all h G C°°(M) with h\u G 0(U) that the Fedosov-Taylor series satisfies 

7TzTwick(^)|[/ = h\u then we have n^r Wick = 0. 

PROOF: We apply n z to the equation SwickT W ick(^') = and restrict the obtained equation to U and get 
using TT z T Wick (h')\u = h'\u and considering the term of total degree I > 1 that 



r=l 



for all / > 1. Now we shall show by induction on the total degree that this equation actually implies 
TTzf wick = 0. Let (z, V) be a local holomorphic chart of M and let \ G C°°(M) be a function with supp(x) C V 
and x\u = lj where U C V then for all 1 < k < dimc(M) the function \z k e C°°(M) satisfies that 
XZ k \u G 0{U). We now use the above equation for h' = yz k an d for I = 1 yielding = jg nk i s {Z n )ir z r^ > ick \u 
since T Wick (x~z k )^ \u = dz k \u- Consequently the only non-vanishing terms in 7r 2 r^ ck |(7 can only be of 
symmetric degree as g is non-degenerate. But from the recursion formula for r W ick and the fact that s wick 
contains no term of symmetric degree 1 it is obvious that r wick contains no part of symmetric degree 
and hence we have ^z^wickly = 0- Repeating this argument with all holomorphic charts of M this finally 
implies Tr^wLk = 0- We now assume that 7r z r W ; ck = for 2 < s < m then the equation derived above yields 
for I — to that = ^^((TTz^wTck 1 ^) °wick T"wick(^ / )^ 1 '')l^- Repeating the above argument this now implies 
■^zTwick^ = ^ an< ^ hence Tr z r wick — by induction. For the proof of ii.) one proceeds analogously using the 
functions %z fe instead of x% '■ D 

Lemma 4.7 Let U C M be an open subset of M . 

i.) If we have h! * Wick g\u = h' g\jj for all g,h' G C°°(M) with h'\u G 0(U) then TT z T Wick (h')\u = 
h'\u for all h! G C°°(M) with h'\ v G 0(U). 

ii.) If we have f * Wick h\u = fh\u for all f,h£ C°°{M) with h\u G 0(U) then ir-T Wick (h)\u = h\u 
for all h G C°°(M) with h\u G 0(U). 
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Proof: It is easy to compute that h'* wick g = h'g + J2T=i Y^Li CT((7r z r wick (/i') (r) ) °wick (^/wick (.g) (2s r) ))- 
Since the summand corresponding to the summation index s is of ^-degree s the condition h' * wick g\u — 
h'g\u implies that we have er((7TzT W ick(/i') (r) ) °wick (7r r T Wick (g)( 2s_r )))| l / = for all s > 1. We 

first consider the case s = 1. Now let (z 7 V) be a holomorphic chart of M and let x £ C°°(M) with 
supp(x) C V and \\u' = 1 f° r some open subset U' C V with J7 n f ' ^ 0. Then we consider the functions 
Xz fc G C°°(M) and from T Wick (xz k )^\unU' — dz fc |;yn[/' we get from the above equation using g — \z k that 
= ^Y-g nk i s (Z n )n z T W[c]s (h')^ \unw ■ As the symmetric degree of ^TwickCi')^ 1 ^ i s 1 an d 9 1S non-degenerate 
we conclude that ^TwickCi') \ur\U' — 0. Repeating this argument with all holomorphic charts such that 
U fl U' ^ we finally obtain n z T W[c]s (h')^\u — 0. Now we want to use induction on the total degree to show 
that the assumption actually implies 7r z T Wick (h')^\ij = for all r > 1. To this end we need the following: 

Sublemma 4.8 Let (z, V) be a holomorphic chart of M around p G M with z(p) — 0. Further let 
X G C°°(M) with supp(x) Q V and x\w = 1> w/iere p G U' C V. Moreover, let * wick satisfy h' * wick 
5|t/ = fr'fllt/ /or all U C M and all g,h' G C°°(M) witfi ft/ G O(CZ). Tften we /iawe /or a// r > 1 that 
Twick(x^ fcl • • • z kr ) {s) \ P =0for0<s<r and T Wick { X z kl . . .z K )^\ P = dz fcl V . . . V dz k -\ p . 

Proof: As the functions \z k are locally anti-holomorphic on U' and as x r \v = 1 for r G N we have 
X~z kl ...z kr \u> = (x~z kl ). ■ ■ {x~z kr )\u' = {x~z kl ) *wick • • • *wick {X~z kr )\u'- To this equation we apply r wick and 
consider the term of total degree s and get 

T Wi ck{X~Z kl ■ ■■Z kr ) (s) \u> = T W^(X~Z kl ) (h) °Wick • • • °Wick Twick(X^ fe '') ( '" ) |t/'- 

l 1 + ...+l r =s 

For s < r at least one k is equal to and we get the first assertion since zip) = and r W ick (x^ fei ) ^ It/' = 
z ki \u>. For s = r the only summand that does not vanish at p is the one for h = ■ ■ ■ = l r = 1 and observing 
that r W ick(x^ fci )|t/' = dz ki \u> the explicit shape of o wick implies the second statement of the sublemma. V 
We now assume that 7r z T Wick (/i')( r ) \u = for 1 < r < m — 1, where m > 2. Using the equation 
X^ r l~i °"(( 7r z T wick(^')^) °wick ( 7I V~wick(.g) < - 2s ~ r '))|t/ = for all s with 2s > m + 1 this induction hypothesis 

implies that = Y?r=m °"(( 7r z T wick(^') (r) ) °wick (/r:?Twick(ff) (2s ~ r) ))|;y- Now l et ( z : ^) be a cnart as in tnc 
sublemma then we use this equation for g = xz kl . . ,z k2s ^ m at the point p G M and obtain 

(„ \ 2s — m _ _ 
Y) 9 hkl ■ ■ ■9 l2s - mk2s - m ^s{Z h ) . . .i s (Z l2s _J^ z r^UhT l) )\ P 

for all s with 2s > m + 1. Considering the equation for m even and m odd separately it is easy to see 
that this implies ir z Twi ck 0') (m) lp = 0. But as p G U was arbitrary we may conclude that 7r 2 T W ickO')|t/ = 
proving i.). For the proof of ii.) one proceeds quite analogously. □ 
Altogether we now have shown: 

Theorem 4.9 Let T) Wick be the Fedosov derivation constructed for o Wick from the data (f2 Wick , s W ick)> 
where s Widk contains no terms of symmetric degree 1 and let * Wick he the corresponding star product 
on a pseudo-Kahler manifold (M,u,I) then we have the following equivalences: 



i.) 



vr 2 s W ick = ir z T Wick (h')\u = h'\u WeC°°(M) 

vr 2 (l ® Owick) = ^ 7r * rwick " ^ mtt Zi'lt; € O(CZ) 1 j 

^ /»' *wick g\u = h'g\u Vg, ti G C°°(M) mft e 0(U){37) 



ii.) 



_ _ n _ y 7r^r Wick (^)|[/ = h\ v V/iGC°°(M) 

vr-(l ® Wick ) = ^ 7F ^ Wick " U ^ with h\u e 0(U) [M) 

/ *wick /»|t/ = Ale/ V/, /i G C°°(M) with h\ v € 0{U). (39) 
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Hi.) Hence the star product * Wick on (M,u),I) is of Wick type if and only i/^ W ick is of type (1, 1) 
and TT z s Wick = 7r^s wi[ . k = 0. 

After having uniquely characterized the star products * W ick that are of Wick type it is almost 
trivial to characterize the star products that are of anti-Wick type. 

Corollary 4.10 Let SwmT be the Fedosov derivation obtained for from the data (^wldo s w!a); 
where Swiar contains no terms of symmetric degree 1 and let * W iar be the corresponding star product 
on a pseudo-Kdhler manifold (M,lu,I) then we have the following equivalences: 



i.) 



K zSw -t = *zTms(h')\u = h'\ v W g C°°(M) . . 

w z (i®n ws ) = o 2 Wick with h'\u e o(u) { ' 

5 *Wi5T^|£/ = A Vg,h' € C°°(M) with h'\ v G 0(C/),(41) 



7T*(1 ® $W) = 



with h\u G £>([/) 



(42) 



^*w^/|f/ = /i/|c/ V/,/iGC°°(M) mf/i G 0(U). (43) 



mj Hence the star product *widT (M,w,/) is o/ anti-Wick type if and only if fl^k ^ °f tyP e 
(1, 1) and vr^s^ = vr^s^ = 0. 

Proof: We consider the star product *y^k constructed from the data s wick) then we have from 

Lemma ETTI tfiat the star product * wick constructed from (f2 wick = PSl^^-, s wick = Pswlok) satisfies /*wk¥5 = 
P((Ps)*wick(PflO) for all f,g e C°°(M)[[v]]. Moreover, in this case r wick = Pr^^ and r wick (/) = Pr w - k (P/) 
for all / 6 C°°(M)[[i/]]. Using these relations the proof of the corollary is trivial using the corresponding 
statements of Theorem 14.91 □ 
After having uniquely characterized the star products * W ick resp. *wIa that are of Wick resp. 
anti-Wick type by some conditions on the data (r2 Wick , s Wick ) resp. (^wido s wldr) we can show 
another interesting property of these star products namely that they actually do not depend on 
■Swick resp. Sw^£. To this end we consider two Fedosov star products * Wick and *' Wick of Wick type 
that are obtained from the same formal series of closed two-forms £l Wick = Q' Wick of type (1, 1) but 
different elements s Wick and s' Wick . From Proposition 13.61 we already know that these star products 
are equivalent and we even have an explicit construction for an equivalence transformation. Letting 
^■wick G W be the element determined by the equation ((2*2*1) . where O — Wick cUld C\Vick — 

we have 

that A hw . ck defined by A hwick f := a (exp (^ad Wick (/i Wick )) r Wick (/)) is an equivalence from * Wick to 
*' Wick and our aim is to show that the fact that both star products are of Wick type implies that 
this equivalence transformation is equal to the identity. 

Lemma 4.11 Let * Wick , *' Wick and h Wick be given as above then we have 

vr 2 /i W ick = vr^/i Wick = 0. (44) 
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Proof: We want to prove the statement by induction on the total degree and hence we explicitly write the 
term of total degree k > 3 of equation (23) as 



h W - A- 1 



( ;i _ 



(fci) 

Wick 



V 



k 1 +l — k + l,l>2 
3<fc 1 <fc_l 



^ ] - rB r I — J ^ ^ adwick(/lWick 1 ) • ■ ■ adwick(/lWick T ) (Kvick ~ r Wick)^ 

V — ' ^ ^ fc 1 + ... + fc r + i = fc-l + 27- 

3<fcj <fc-l,/>2 / 

„th T3r,^„^,,U; nvlc^c A-^™ TWl™. „™ „ „ ^ ^„ 17 ad Wick ( h Wick ) 



where B r denotes the r Bernoulli number that arises from the Taylor expansion of 

exp ( - ad wick ( h wick ) j - id 

which is given by Y^Loh^r (7;^ ad wick (/i W ick) r - For k = 3 this yields using B = 1 that /i W ick' 3 ' = 
<S -1 ((rwick - r' wic k) (2) ) and hence we get using LemmaE2]and 7r z r wick = 7r z r wic]£ = 7r z r wick = 7ryr wick = 
which holds since both star products are of Wick type that 7r z /i wicl / 3 ' ) = 7r-/i wick ' 3 ' ) = 0. Let us now assume 
that TTzhwick^" 1 ^ — for 3 < m < k — 1, where fc > 4 and consider 



7T /l ( fc ) — A~ 

TTz'tWick — «z 



V z 7r z /i wick ( ' fe 1 ' 'V^ ^z(ad wick (^wick)' 1 wick < ' ? ' ;i '') 

7/ ^ ' 



V 

k 1 + l^k + l,l>2 
3<fci <fc — 1 



1 / 1 \ 

— -B r ( - J ^ 7T z (ad W ick(ft-wick ( ' Cl) ) ■ ■ ■ adwick(^Wick O^wick ~ r Wick)^) 

'f n ^ ' I. L _I_J [. _ 1 _l_ Q -r. 



3<fc 1 <fc-l,I>2 



From the induction hypothesis we have S z 1 (V z 7r z /i W ick' fe ) = 0. Moreover, we have using equation (|81|l 
that 7r z (adwick(^wick) /l wick ( ' Cl) ) = ^((^wick) °wick h wick {kl) - (7r z /i wick (fel) ) o wick r^ ick ). Here the first 
summand vanishes since *wick is of Wick type whereas the second one vanishes by induction observing that 
3 < ki < k — 1. Now the contribution 7r z (ad W ick(^wick^ fel ^) ■ ■ ■ ad W ick(/iwick^''' ) )(V W ick — ?"wick)^) consists of 
three types of terms. In case r = this contributes <5 z ' 1 7r z ((r wick — Kvick)^ 1 ^) which is since both star 
products are of Wick type. For r ^ the whole expression consists of term of the shape tt z (ft-wick^ ^ °wick^l) = 
K z ({K z h wi J- ki) ) o wick A) and 7r z ((r wick - r Wick )W o wick B) = 7r z ((7r z (r wick - r Wick )W) o wick B), with certain 
elements A S WgjA 1 and B 6 W. Again observing the range of summation the terms of the first kind vanish 
by the induction hypothesis and the others vanish since 7r z r W ick = ^^wick = proving ^/iwick^' = and 
hence 7r z /i wick = by induction. For the proof of 7r-/i wick one proceeds analogously. □ 
Using this result we can show that the star products * W ick and * Wick are not only equivalent but 
even equal. 

Proposition 4.12 Let * Wick and * Wick be two star products of Wick type on (M,uj,I) constructed 
from the data (^ Wick , s Wick ) and (0 Wick , s Wick ). Then the equivalence transformation Ah Wick from 
*wick to * Wick is equal to the identity and hence the star products * Wick and * Wick coincide. 

PROOF: We have A hwick f = f + <j(J2Zi h (hY ^ wlck (h wlck ) r T Wlck {f)) for all / e C°°(M)[[v]] . Now the 
terms occurring in the sum are of the shape 

c(/i W ick °wick A) = a((T: z h wick ) o wick A) and a(B o wick h wick ) = a(B o wick (7r z /i wick )) 

with certain elements A, B £ W. From the preceding lemma we have that both types of terms vanish and 
hence = id. □ 
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Corollary 4.13 The two star products of anti-Wick type *wid? an d *wi* on (M,uj,I) constructed 
from the data (Qw^, swta) and (0^-^, sL^) coincide. 

Proof: Considering the star products *wick and *'yf ick of Wick type obtained from (f^wick = P^wIa; s wick = 
Ps wTdr) an( i (^wick = P^wlA' s wick = Pswi^k) we nave lrom Proposition 14. 1 21 that * wick = *' wick . But then 
the relation (|2"3|l implies that *^^k — *wtt ^ 
One should observe that the star products * W ick resp. *w!a that are not of Wick resp. anti- 
Wick type actually do depend on Swick resp. s Wick . But in view of the above proposition and the 
corollary we can always choose the simplest normalization condition s Wick = resp. swta = 
when considering star products * W ick resp. *wia of Wick resp. anti-Wick type. Hence the Fedosov 
construction induces mappings 

uZj K (M, C) 1 ' 1 ^]] 3 Owick *wick E { star products of Wick type on (M, u, I) } (45) 

i/Zj K (M, C) 1,:L [[z/]] 3 h-> *wIa G { star products of anti-Wick type on (M,u, I) }, (46) 

where vZ 2 m (M, C) l,1 M] = G vT°° (/\ 2 T* M)[[v}\ | = O,^ 1 ' 1 ^ = fl} that shall turn out to be 
bijections. In order to prove this we shall translate some of the results of Karabegov obtained in 
[To] to the situation of star products of Wick type in the next section. 



5 Identification of Star Products of Wick Type using Karabegov's 
Method 

In this section we shall briefly report some general facts on star products of Wick type that shall 
enable us to identify the Fedosov star products of Wick type. Moreover, we give a direct elementary 
proof (independent of a construction of such star products) of the fact that star products of Wick 
type can be uniquely characterized by some local equations. 

Let *wick be a star product of Wick type on (M, u, I) and let (z, V) denote a local holomorphic 
chart of M such that V C M is a contractible open subset of M. It has been shown in |15l Prop. 
1] that there are locally defined formal functions u k E C°°(y)[[^]] for 1 < k < dimc(M) such that 

u k *wick z l - z l * Wick u k = -uS l k . (47) 

Observe that we are using a different sign convention for the Poisson bracket causing the opposite 
sign in the above formula compared to the one in ^Sj. Analogously one has that there are locally 
defined formal functions v~i E C°°(y)[[z/]] for 1 < I < dimc(M) such that 

vi * W ick z k - z k * Wick vi = u6f. (48) 

Using the fact that * Wick is a star product of Wick type one can show (cf. [151 Lemma 2]) that the 
local functions u k ,Ui E C°°(U)[[^]] satisfy the equations 

/*wick u k = fu k + vZ k (f) and ^* wi0k / = v t f + uZ t (f) (49) 

for all / E C°°(y)[[^]]. Moreover, Karabegov considers locally defined formal series of one-forms 
a,P E r°°(T*V)[[f]] given by a := —u k dz k which is of type (1,0) and (3 := vidz 1 which is 
of type (0, 1). As the *wick~ r ight-multiplication with u k obviously commutes with the *wick~ 

left- 
multiplication with vi one in addition obtains from (|49jl that da = d(5. Moreover, one can show 
that this procedure yields a formal series of closed two-forms of type (1, 1) on M that does not 
depend on any of the choices made. In the following the so-defined formal two-form that can 



17 



be associated to any star product * W ick of Wick type shall be denoted by K(* Wick ) and is re- 
ferred to as Karabegov's characterizing form. It is easy to see from the very definition that 
K(* Wick ) € u) + vZ% R (M, C) ^[hv]] and hence from the <9-<9-Poincare lemmas one has that there 
exist formal local functions ip € C°°(V)[[z/]] on every contractible domain V of holomorphic coor- 
dinates such that i£"(*wick)|v = ddip and ip is called a formal local Kahler potential of -fT(* Wick ). 
Writing ip = ipo + p + , where tp + € one evidently has that (po is a local Kahler potential 

for the pseudo-Kahler form u. With such a formal local Kahler potential the equations 

f*m*Z h (<p)=fZ k (<p)+vZ k (f) and Z t (<p) * Wiok / = Z^)f + "Mf) (50) 

hold for all / € C°°(^)[[z/]]. Altogether one has the following theorem: 

Theorem 5.1 (Q13 Thm. 1]) Let 

*wick be a star product of Wick type on a pseudo-Kahler 
manifold (M,lo,I). Then K(* Wick ) € to + vZ% R (M, C) 1 ' 1 ^]] associates a formal series of closed 
two- forms of type (1,1) on M which is a deformation of the pseudo-Kahler form to to this star 
product. In case ip £ C°°(V)[[u]] is a formal local Kahler potential of K(* Wick ) we have the equations 
$5$) for all f (EC°°(V)[[v]). 

Conversely in |15l Sect. 4] Karabegov has shown that to each such form K as in the preceding 
theorem one can assign a star product of Wick type such that the characterizing form of this 
star product actually coincides with this given K. To this end Karabegov has given an explicit 
construction of such a star product extensively using local considerations. We now want to show 
that a star product of Wick type in fact is completely determined by its characterizing form which 
shall turn out to be the key result for the proof that one can construct all star products of Wick 
type on a pseudo-Kahler manifold using Fedosov's method with a suitably chosen f2 Wick . 

Theorem 5.2 Let * W ick and *wick be ^ wo s ^ ar products of Wick type on a pseudo-Kahler manifold 
(M,u,I) and let {£Y 7 } 7e j be a good open cover of M, where the are the domains of holomorphic 
coordinates of M. Moreover, let K € u> + uZ^^M, C) 1,1 [[v]] and let ipy £ be formal 

local Kahler potentials of K , i.e. K\u = dd<p-y. 

i.) If we have for all 7 6 J and respectively all f E C°°(W 7 )[[i / ]] that 

f *Wick Z k ((Py) = f -k'^ Z^tfj) (51) 

then ★wick and * Wick coincide, 
ii.) If we have for all 7 G J and respectively all f € C°°(Z^ 7 )[[^]] that 

Zi((p 7 )* mck f = ^(^^Wick/ ( 52 ) 

then * Wick and * Wick coincide. 

Proof: We assume that the bidifferential operators Ci and C[ describing the star products *wick and * wick 
coincide for < i < k — 1, where k > 1 and want to show that this implies that Ck = C' k proving by induction 
that the star products coincide since all star products coincide in zeroth order of v. From the associativity of 
both star products at the order k of v one gets using the induction hypothesis that Ck — C' k is a Hochschild 
cocycle. According to the Hochschild-Kostant-Rosenberg-Theorem we thus have that there is a differential 
operator B on C°°(M) and a two-form A on M such that (C k - C' k )(f, g) = (S H B)(f, g) + A(X f ,X g ) for all 
/, g G C°°(M). Here Xf denotes the Hamiltonian vector field corresponding to the function /, i5 H denotes 
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the Hochschild differential and as C k and C' k vanish on constants S^B also vanishes on constants. Taking 
the anti-symmetric part of the obtained equation and using that d H B is symmetric we get 

A{X f ,X B ) = \ (C k (f,g) - C k (gJ) - C' k (f,g) + C k (g,f)) . 

Now let z denote a holomorphic chart on U 1 . Since the bidifferential operator (/, g) i— > A(Xf,X g ) is obviously 
one-differential it is enough to evaluate it on the coordinate functions z m and z 1 to determine A. Using the 
fact that *wick and *w ick are of Wick type we evidently have Ck(z l ,z m ) — C' k {z l ,z m ) — Ck(~z l ,~z m ) — 
C'^z^z™) = and using X z ™ = -2 g "**Z n and X# = \g nl Z n we get 

= A(X z m,X zl ) = -Ag m ™g r iA(Z n ,Z 3 ) and = A(X^,X^,) = -Ag nW ^ A(Z n , Zj). 

Repeating the same argument for all 7 £ J and a corresponding local holomorphic chart this yields with the 
fact that g is non-degenerate that A is of type (1,1) and in a local chart we write A = Afjdz 1 A dz J such 

that A(Xf,X g ) — 4:Afjg tl g n \Z \{f)Z n {g) — Z[(g)Z n (f)). To proceed we also need some special property of 
the symmetric part S^B of Ck — C' k . 

Sublemma 5.3 Let S^B be a bidifferential operator vanishing on constants that in local holomorphic coor- 
dinates (z,Uy) has the shape 

K,L \ / 

with local functions C ;L £ C°°(W 7 ). Then in local holomorphic coordinates 6 U B has the shape 

(S H B)(f,g) = C kl (Z k (f)Zi(g) + Z k (g)Zi(f)), (54) 

where C kl denotes the components of a tensor field C £ T°°(TM ® TM) of type (1,1). 

Proof: From 6* = we get = f(6 H B)(g, h) - (5 n B)(fg, h) + (S H B)(f, gh) - (6 H B)(f, g)h for all /, g, h £ 
C°°(M). Evaluating this equation for g\u,h\u £ 0(U), where U C M is an open subset with U HU^ ^ 
one obtains with the above shape of 5 H B that 

^_ \ dz K cfz h 9 dz K &z L dz K &z h ) 

K,L \ / 

on U nW 7 . Here one has to observe that \K\ and \L\ are at least one since SuB vanishes on constants. 
From this we may conclude that Ekl^^^F = YlkT^' 1 'Zk(f)^pr 011 My- Analogously one 
finds Ek,l C ^7^& = E K ,l cKfl lS£Zi(9) repeating the above argument with f,g,h £ C°°(M) 
such that f\u,g\u £ ®(P)- Altogether the proven local equations prove the statement since it is easy to see 
that the local functions define a tensor field. V 
From the fact that both star products are of Wick type it is obvious that (5uB)(f, g) = \{{Ck—C k ){f ', g) + 
(Cfc — C' k )(g, /)) is of the shape as in the sublemma yielding 

(C k - C' k )(f,g) = C^iZkiftZtig) + Z k {s)%{f)) + AA^ g^ (Z^Z^g) - Z l {g)Z n {f)). 

Again using that the star products are of Wick type this implies C nl — —\Aqg %l g n i and finally 

{C k - C' k )(f,g) = -8A iig a g^Z n (f)H9)- 

But now we need the conditions (|51|l resp. H52|) to proceed with the proof. Considering (|51ll in order k of 
the formal parameter we get from the induction hypothesis that C k (f, Z n {<Pyo)) — C' k (f, Z n ((p-yo)) = for 
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/ G C°°(W 7 ), where (p^o denotes a Kahler potential for lj onM 7 . Using the expression for Ck — C' k derived 
above this yields = — 4iA n jg mj Z m (f) and hence A n -j = 0. As 7 e J was arbitrary we get A = proving 
L). The final step to prove ii.) is analogous. □ 
The statement of this theorem means that a star product of Wick type is uniquely determined 
by one of the equations (|50[) in case it is valid in every holomorphic chart (z, V) and hence it is 
determined by K. 

Remark 5.4 All the statements about star products of Wick type made in this section can be easily 
transferred to star products of anti-Wick type. For completeness we give the important relations 
but omit the proofs since they are easily done using the relation between star products of Wick 
type and those of anti- Wick type explained in Section For a star product *wic¥ one defines the 
characterizing form K(-k ms ) E u + vZ% R (M, C) 1 ' 1 ^]] by K(~k ws ) := Pi^((* w - F ) P opp ). Denoting 
byTp E C°° (V) [[1/]] a formal Kahler potential of -K"(*wI3r) 071 V l^at is obtained from a formal Kahler 
potential ip of K((-k WI ^) P opp ) byTp = Pip one has 

Zk^P) *wick / = Zk(p)f ~ vZkif) and f *WickZi(Tp) = fZi(Tp) - vZiif), (55) 

where (z,V) is a holomorphic chart and f E C°°(V)[[t']]. As in Theorem \5. 6 A the form K(*w^) 
uniquely determines the star product of anti- Wick type by one of these local equations valid in every 
holomorphic chart (z, V) of M . 

6 Universality of Fedosov's Construction for Star Products of 
Wick Type 

In this section we want to compute Karabegov's characterizing form K(* Wick ) of the Fedosov star 
products of Wick type constructed in this paper. Furthermore, our result shall enable us to prove 
that the mapping defined in equation is a bijection. To determine K(* Wick ) we need according 
to Section El local formal functions E C°°(V)[[f]] with 

I l rt 

U k *Wick Z — Z *Wick Uk — — V ^kl 

where (z, V) is a local holomorphic chart of M. Denoting by cpo a local Kahler potential of u on V 
we obviously have 

-4 = {Z k (<p ),z 1 } = -o-{C Zk T WiA {z 1 )) 

since the Lie derivative commutes with a. Defining u^q := Zk(ipo) we thus have to show the 
existence of local formal functions Uk+ E i / C°°(V')[[i/]] such that 

-o-(Cz k T wlck (z 1 )) = -a{&d Wick (T Wick (u k0 + u k+ ))T Wick (z 1 )). 
For the further computations we need the following formula: 

Lemma 6.1 For all vector fields X E r°°(TM) the Lie derivative Cx ■ W®A — > W®A can be 
expressed in the following way: 

Cx = D Wick i a (X) + i a (X)D Wick + ^&d Wick (i a (X)r Wick ) + i s (X) 

+(dz n l)i s {V Zn X) + (dz m ® l)i s (Vz m X). (56) 
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Proof: The proof of this formula is the same as for the analogous formula using o F and D P instead of o wick 
and Dwick and can be found in Appx. A]. □ 
Using the preceding lemma for X = Z k we get 

-a(C Zk T WiA {z 1 )) = -a 0ad Wick (i a (Z fc )r Wick )T Wick (z / ) + i s (Z k )T Wick (z l )^j , 

where we have used that Z k = and the obvious equations 2) Wick T Wick (V) = = i a {Z k )T Wick (z l ) 
and a((dz n <g> l)i s (^ z n Z k )r Wick (z 1 )) = 0. Defining a k := iz k u <8> 1 G W(V) one easily finds i s (Zk) = 
-^ad Wick (a fc ) and we get 

-a(C Zk T Wick (z 1 )) = -^a((TT z (i a (Z k )r Wick - a k )) o Wick (TT z T Wick (z 1 ))) 

+ ~cK(^« r Wick(^)) O wick {7T z (i a (Z k )r wick - O k ))) , 

where we have used a = n z TVz and (|81|). Obviously we have 7r z a k = and TT z a k = a k since u> is of 
type (1, 1) and 7r z i a (Z k )r Wick = ia(Z k )iT z r w - lck = from Theorem 14.91 such that we finally obtain 

- uS l k = cr((ir z T Wick (z 1 )) o Wick (ir-i a (Z k )r Wick - a k )). (57) 

From this equation it is obvious that TT-i a (Z k )r Wick — a k has to be strongly related to the Fedosov- 
Taylor series of the function u k that is to be found and we have: 

Lemma 6.2 Let (fQ be a local Kahler potential of uj on the open contractible domain V of a holo- 
morphic chart z of M and let u k Q € C°°(V) be defined by u k Q := Z k {ipo). In case there exist local 
formal functions u k+ € z y C°°(V)[[f]] such that we have 

vrzr Wick (u fc ) =u k + i Zk uJ ® 1 - nti a {Z k )r Wick (58) 

for u k = u k0 + u k+ then u k * Wick z l - z l * Wick u k = -u5[. 

Proof: For the proof we compute using equation 157|) 

-V5\, = Cr((n z T wizk (z 1 )) O wick (U k - 7T ¥ T wick (M fc ))) = U k Z l - Z l * wick U k = U k * wick Z l - Z l * wick Ufc, 

where the last equality follows from the fact that *wick is of Wick type. □ 
So it remains to show that there exist such local functions as in (|58[) and to get more information 
about their concrete shape. 

Proposition 6.3 With the notation of Lemma \(i.°A one has the following statements: 
i.) For all u k+ G i/C°°(y)[[i/]] one has a{u k + iz k u ® 1 — Tr-i a (Z k )r Wick ) = u k and 

1 _ 

- 5 z A k + V z A k - -n z (r Wick o Wick A k ) = 1 ® (du k+ - iz fe ^wick), (59) 

where A k := u k + i Zk u ® 1 - vr-i a (Z A .)r Wick 6 W(V). 

ii.) One has ir z T Wick (u k ) = u k + i Zk uJ <g> 1 - TT z i a (Z k )r Wick if and only if du k+ - iz k ^wick = 0. In 
case u k+ = Z k (tp + ), where <p+ € z / C 00 (V')[[^]] is a local formal Kahler potential for £l Wick , i.e. 
dd<p + = fl Wick \v one has 7r^r Wick (n i .) =u k + i Zk u ® 1 - ir z i a (Z k )r Wick . 
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Hi.) Karabegov's characterizing form K(* Wick ) of the star product * W ick of Wick type is given by 

K(* Wick ) = u + ft Wick . (60) 



iv.) For all f € C 00 (V)[[^]] and u k as in ii.) one has 

f *wick u k = fu k + vZ k {f). (61) 

Proof: Obviously we have u(u k + iz k u <S> 1 — Tr-zi a (Z k )r wick ) = u k for all u k+ G C°°(V)[[i/]] since tr = 7r-7r z 
and TT z {ia(Zk)r wick ) = 0. Further we compute for the proof of i.) 

S-(u k + i Zk u>® 1 -ir-i a (Z k )r wick ) = l<S)iz h u - n-6i a (Z k )r wick = 1 ® i Zk u - Tr-(i s (Z k )r wick - i a (Z k )Sr wick ), 

where we have used Si a (Z k ) + i a (Z k )S = i s {Z k ) and (|86|) . With the equation (|13f) for r wick this yields using 
ir-i a {Z k )R = 0, 7r-r wick = and 

7r z"(*a(^fe)( r Wick °Wick r Wick)) 

— ^~{{ia (^fe) r 'Wick) °Wick (TTz^Wick)) — 7r z"( r Wick °Wick \ia\Zk) r Vflck)) = — ''""(^Wick °Wick (*a (^fc) r Wick) ) 

the intermediate result 

&z{u k + i Zk UJ (X> 1 - 7r T i a (Zfc)r W ick) 

= 1 <g> i Zk u - Kzi s (Z k )r w[ck + iTz{ia(Z k )\7r wick ) + ^n Y (r wick o wick {i a (Z k )r wick )) + 1 ® i Zfc ^wick, 

since f^wick is of type (1,1). Further we have from Z k = and V^ w = that iz k w vanishes also, 
such that we obtain using \7i a (Z k ) + i a (Z k )V = C Zk — (dz n ® \)i s (V Zn Z k ) and H8(j|) 

V T (u fc + i^ fc w <g> 1 - 7r r i a (Z fc )r wick ) 

= 1 ® <9u fc - 7r-(£ Zfc r wick - (dz™ ® l)i s {V z n Z k )r wick - i Q (Zfc)Vr wick ) = 1 ® <9u fc + 7r-i a (Z fe )Vr wick 

since 7r-2T Wick = implies iTYC Zk r wick = also. Finally we compute again with 7Tzr wick = 

7r-(r wick o wick (u k + i z u; (8 1- 7r-i a (Z fe )r wick )) = -7T2i s (Z fc )r wick + -7r-(r wick o wick (i a (Zfe)r W ick)), 

where besides (|81|l we have used the trivial but helpful identity = n-z((iz k ^ ® 1) °wick ?"wick) and i s (Z k ) = 
— iad W ick(*z fc w ® 1). Combining our three intermediate results one finds l|59|l since u k Q = Z k (ipo) and hence 
du k o — iz k u proving i.). According to Proposition ^. 21 ii.) we thus have that A k = 7r-T Wick (Mfe) if and only 
if du k+ — i^ fc f2wick = 0. But this equation is obviously satisfied in case one has u k+ = Z k (ip + ) with a local 
Kahler potential ip + of f^wick- According to Lemma |6.2I we then have u k * wick z l — z l * W ick u k = —v8\ and 
we get using the definition of the characterizing form A"(*wick) with u k = Z k (tp) = Z k (ipo + (p+) that 

K(* wick ) = -d{u k dz k ) = -d(u k ) A dz k = dz k A i Zk (uj + tt wick ) = u + £! W ick 

proving iii.). For the proof of iv.) we compute for / G C°°(T^)[[^]] using TTzT Wick (u k ) — u k + i Zk ui ® 1 — 
TTzia(Z k )r wick , T) wick T wick (f) = and (JSTJ 

/ *wick u k = cr(r wick (/) o wick (u k + i Zk uj ® 1 - i a (Z k )r wick )) 

= fu k + ^-g nm cr(is(Z n )T wick (f))(i Zk uj)(Z m ) + a(i a (Z k )a,d wick (r wick )T wick (fj) 

— cr ((*a(^fc)^Wick) °Wick r Wick(/)) 

= fu k + v<r(i s (Z k )T wick (f)) + vcr(i a (Z k )(V - <5)r wick (/)) - cr((ir z i a (Z k )r wick ) o wick T wick (/)). 
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Further we obtain by reason of n z i a (Z k )r wick = i a {Z k )TT z r wick = and i a (Z k )(\7 ~ (5)r wick (/) = (V Zk - 
i s (Z k ))T Wick (f) that 

/ *Wick u k = fu k + v<r(V Zk T Wick {f)) = fu k + uZk(f), 

and the proposition is proven. □ 
Slightly modifying the proofs of Lemma l6.2l and Proposition l6.3l one can also show the existence 
of locally defined formal functions vi G C°°(V)[[i/]] such that v~i * Wick z k — z k * Wick v\ = vb k . For 
completeness we just give the results and omit the proof since by Theorem 15. 21 it is enough to know 
the properties of one of the functions u k resp. vi to be able to identify the star product * Wick . 
Moreover, the proofs given above can easily be transferred to the following statements. 

Lemma 6.4 Let ipo be a local Kahler potential of u on the open contractible domain V of a holo- 
morphic chart z of M and let vio G C°°(y) be defined by v\q := Zi((p ). In case there exist local 
formal functions Ui + G ^C°°(V)[[z/]] such that we have 

7r z r Wick (?J/) = vi - i-^lo <g) 1 + ir z i a (Zi)r Wick (62) 
for vi = vio + v~i+ then vi * Wick z k - z k * Wick vi = v8 k . 

Proposition 6.5 With the notation of Lemma \b\J\ one has the following statements: 
i.) For all v~i + G ^C°°(V)[[z;]] one has a(vi — u (g) 1 + it z i a (Z i)r Wick ) = v~i and 

- 5 z Bi + V z Bi + -tt z (Bi o Wick r Wick ) = 1 <g> {dv i+ + % Wick ), (63) 
v 1 

where Bi := vi - i^u (g> 1 + n z i a (Zi)r Wick G W{V). 

ii.) One has vr z T Wick (U/) = vi - <8> 1 + TT z i a {Zi)r Wick if and only if dvi + + igfiwick = 0. In 
case Ui + = Zi{ip + ), where (p + G z/C°°(F)[[z/]] is a local formal Kahler potential for fL Wick , 
ddip+ = Wick |y one has TT z T Wick (vi) =Ui~ 1 + 7r z i a {Zi)r Wick . 

Hi.) Here also Karabegov's characterizing form K(* Wick ) of the star product * Wick of Wick type is 
given by 

K(* Wick ) =u + ft Wick . (64) 

iv.) For all f G C°°(V)[[z/]] and vi as in ii.) one has 

fy*m&f = vif + vZl(f)- (65) 

The assertions iii.) and iv.) of Propositions 16.31 and 16*31 represent the generalizations of the 
theorem proven by Karabegov in ""fTJ Sect. 4] for the special case f2 Wick = 0. In the following 
corollary we just collect the more or less trivial analogous statements for the star products * Wick of 
anti-Wick type. 

Corollary 6.6 Let be the Fedosov star product of anti-Wick type constructed from G 

vZ% R (M, C) 1 ' 1 [[v]] then its characterizing form is given by 

K(*wu±) =uj + Qw^. (66) 

Denoting by Tp a local formal Kahler potential of K(*y^), i.e. ddTp\y = K(*wick) an d defining 
ui := Zi(Tp),v k := Z k (Tp) G C°°(T/)[[z/]] we have 

v k *wlck / = v k f - vZ k {f) and f * ws ui = fu t - uZi(f), (67) 

where (z, V) is a holomorphic chart and f G C°°(V)[[i>]]. 
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Proof: We only have to prove the formula for ^(*wlck) since the equations l|67(l are known to be true from 
Remark E3| equation Using Lemma 13771 it is obvious that (*wldr)p,°pp is the star product of Wick type 
obtained from fiwick = P^wlck- Using (|60[1 this implies the assertion since P 2 = id. □ 
We now present the main result of our paper: 

Theorem 6.7 (Universality of Fedosov's construction for star products of Wick type) 

For all star products * W ick of Wick type on a pseudo-Kahler manifold (M,uj,I) there is a Fedosov 
construction with o Wick such that the obtained star product * Wick coincides with * W ick- Moreover, the 
mapping 

z/Z| a (M, C) 1,1 [[z/]] 9 12 wick >-> *wick € { star products of Wick type on (M, cj, I) } (68) 

induced by the Fedosov construction is a bijection and its inverse is given by * W ick l— ► ^(*wick) — 
where K(* Wick ) denotes Karabegov's characterizing form of * Wick . 

Proof: The universality of the Fedosov construction just means that the mapping in equation QfiSjl is 
surjective and hence we have to show that for any given star product * wick of Wick type there is a f^wick 
such that *wick = *wick- Given * W ick we consider K(* wick ) according to Theorem 15.11 and have that the 
equations (|50|) are fulfilled for a local formal Kahler potential ip of K(-k wick ) on V C M and / 6 C°°(U)[[^]]. 
Using the Fedosov construction for fiwick = ^(*Wick) — w we have from Propositions 16.31 and 16.51 that 
/ * W ick Z k (<p) = fZ k {p) + vZ k {f) and Zi(tp) * wick f = Z(p)f + vZ t (f). With Theorem E2 each of these 
equations implies * W ick = *wick proving surjectivity. From K(* wick ) = uj + f2 wick the fact that the mapping 
in H68|) is injective and the shape of its inverse are obvious. □ 

The preceding theorem can immediately be transferred to the star products of anti-Wick type 
that can all be obtained from a Fedosov construction using and the mapping according to 
equation (|4U)) also turns out to be a bijection. 

A quite remarkable consequence of this theorem is: 

Deduction 6.8 All star products * W ick (*yns) °f (anti-) Wick type on a pseudo-Kahler manifold 
(M,u,I) are of Vey type. 

Proof: By the above theorem all star products of (anti-)Wick type can be obtained by some Fedosov 
construction using o wick (o^). But from Proposition 13 . 31 we have that all star products * W ick (*wick) even 
those that are not of (anti-)Wick type are of Vey type. □ 

Deduction 6.9 ([16, Thm. 3]) The characteristic classes c(* Wick ) resp. c(*^ k ) of star products 
of Wick resp. anti- Wick type on a pseudo-Kahler manifold (M, u, I) are related to the characterizing 

forms K(* Wiok ) resp. K{*^) by c(* Wick ) = [K{ *^ )] - [ 4 resp. c(^ick) = + M where 

p denotes the Ricci form. 

Proof: With the results of Proposition l631 iii.) resp. Corollary 16 . 61 and Proposition 13 . 6l i. ) the statements 
are obviously true for the star products * wick resp. *w^ k of Wick resp. anti- Wick type. But as the Fedosov 
constructions are universal for these types of star products they in fact hold in general. □ 
Another application of our results is the unique characterization of the Hermitian star products 
of Wick and of anti-Wick type that is those star products that have the complex conjugation 
denoted by C incorporated as an anti-automorphism (cf. 21, Sect. 5]). 

Proposition 6.10 A star product * Wick (*wick) °f (anti-) Wick type on a pseudo-Kahler mani- 
fold (M,lu,I) is Hermitian if and only if the characterizing form K(-k Wick ) (K( x Wich ) ) is real, i.e. 
CK(-k Wick ) = K(k Wick ) (CKi-kvns) = K(*m&))- 
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PROOF: Let * W ick be a Hermitian star product of Wick type and let u k £ C°°(U)[[^]] such that /*wick«fc = 
fuk + uZk(f) for all / £ C°°(U)[[f]]. Using Cv = —v since the formal parameter is assumed to be purely 
imaginary this implies that C(f)C(u k ) — vZ k (Cf) — C(f *wick Uk) = (Cttfc) * wick (Cf) and hence we have 
Ufc*Wick<? = v' k g + iyZk(g) for all g £ C°°(V)[[i/]], where := —Cu k . Using the definition of the characterizing 
form and C 2 = id this yields 

K (*wick) = d(v' k dz k ) = CCdC(~u k dz k ) = Cd(-u k dz k ) = CK(* Wick ). 

Now let *wick be a star product of Wick type such that CK(-k wick ) = K(* wick ) and consider a star product 
*wick = *wick which exists according to Theorem 16.71 Using K(* wick ) = lu + f^wick we obviously have 
Cfiwick = ^wick- We now want to show that this implies that *wick is Hermitian. To this end we first 
observe that the fibrewise product o wick satisfies C(a o wick b) = (—l) kl (Cb) o wick (Ca) for a £ W(E>A k ,b £ 
W® A ( . Using this it is straightforward to see that Cr wick satisfies the same equations as r wick does yielding 
Cr W ick = r W ick- But then we have S) W ickC = C2) W ick and hence CT W ick(/) = T Wick (C/) for all / £ C°°(M)[[i/]] 
implying by an easy computation that *wick and therefore *wick is Hermitian. The proof of the analogous 
statements for the star products of anti-Wick type is completely analogous. □ 
To conclude this section we want to establish a relation to the star products with separation of 
variables considered by Karabegov. To this end we have to drop our convention to use the purely 
imaginary formal parameter v and have to replace it by iA and consider the star product defined 
by 

oo 

/**<?:= 5/ + E(iA)'CH<?,/) (69) 
i=i 

for /, g £ C°°(M), where the bidifferential operators C\ describe the star product * Wick of Wick type 
by / *wick 9 = fg + Yli=i v l Ci{f,g). Obviously * K is a star product with separation of variables on 
(M, —u>, I) and using Karabegov's original definition of the characterizing form (cf. 15, Sect. 3]) 
it is an easy task to compute K(* K ) = to + Wick (iA) using Proposition 16.31 Moreover, it is easy 
to conclude from Proposition 13.61 and the properties of the characteristic class (cf. |211 Lemma 
5.2 i.)] and ^3 Thm. 6.4]) that c(* K ) = x[K (*k)] — Ap\- ft stands to reason that one can also 
give a Fedosov construction that directly yields the star product * K . We just give a sketch of the 
necessary modifications: Consider (W®A\, o K ), where Wtg>A\ is the same object as W^A, where 
v has been replaced by A and o K is defined by 

a o K b := n o exp \ 2\g k ~ l i s (Zi) ® i s (Z k ) \ (a <S> b). (70) 

For this fibrewise product one obtains a Fedosov derivation S) K := — S + V — J^ad K (r K ) with = 0, 
where r K is the solution of the equations 

Sr K = Vr K - ^-r K o K r K - R - 1 <g) Wick (iA) and 5^r K = 0. (71) 
iA 

It is easy to see that r K = — r Wick (iA) and that r K (/) = T Wick (/)(iA) for all / £ C°°(M), but this 
actually implies that the obtained star product coincides with the one defined in equation 1)69(1 . 

Outlook and Further Questions 

Let us conclude with a few remarks on this approach to star products of Wick type. First we 
would like to point out that the Fedosov construction has the advantage that one is only dealing 
with global geometric objects and is not forced to use expressions of bidifferential operators in local 
charts. Moreover, the Fedosov setting allows for very detailed investigations of algebraic properties 
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of the obtained star products just using their construction and there is no need to have explicit 
closed formulas for the star products. So it might be useful to consider the following questions and 
topics in this framework: 

i. ) It should be possible to study representations of the star products of Wick type and of anti- 

Wick type within Fedosov's framework. Moreover, the question of Morita equivalence of these 
star products can be discussed in this setting by explicitly constructing equivalence bimodules 
which is subject of the work |23| . 

ii. ) With a more detailed understanding of the representation theory of the considered star prod- 

ucts it should be possible to establish a relation to geometric quantization and to Berezin- 
Toeplitz quantization starting from the formal framework (cf. |18|). 

in.) For a star product * Wick of Wick type one can define the formal Berezin transform B as the 
unique formal series of differential operators on C°°{M) such that for any open subset U C M 
and f,g G C°°{M) with f\ v G 0(U),g\u G 0(U) the relation B(fg) = f * Wick g holds. Then 
the star product A Wick defined by / *wick 9 := B~ 1 ((Bf) * Wick (Bg)) turns out to be a star 
product of anti-Wick type and it would be interesting to find a relation between if(* Wick ) and 
i$T( A Wick ) in this case and to obtain a more explicit description of B. 

iv.) Finally it should be possible to consider different ways of obtaining star products (possibly 
of Wick resp. anti-Wick type) by phase space reduction (for instance BRST quantization as 
in [3], or the analogue of the procedure in ^Tj) in case there is a group acting on (M,u,I) 
not only preserving the symplectic form but also the complex structure. Again this will be 
discussed in a forthcoming project. 

A Consequences of the Complex Structure 

Using the complex structure on (M,u),I) one can define several splittings of the mappings which 
are involved into the Fedosov construction which were of great advantage in Sections 0] and H3 First 
it is obvious from I 2 = —id that the bundle isomorphism / of the complexified tangent bundle TM 
has the fibrewise eigenvalues ±i and that TM = TM 1 ' 0TM 0,1 , where TM 1 ' denotes the bundle 
of the -l-i-eigenspaces and TM 0,1 denotes the bundle of — i-eigenspaces. Moreover, all sections 
X G r°°(TM) can be uniquely decomposed into a section of type (1, 0) and a section of type (0, 1). 
Considering the dual bundles T*M lfi and T*M°> 1 to TM 1 ' and TM ' 1 it is obvious that the 
cotangent bundle can also be wr itten as T*M = T*M lfi © T*M Q>1 . This decomposition naturally 
gives rise to analogous decompositions of sections T G T°°(\/ s T* M) and (5 G T°°(/\ a T*M) such 
that we have 

dim H (M) 

r°°(AT*M) =00 r°°(A pV T*M). (72) 

a'=0 p'+q'=a' 

Here /\ p '' q 'T*M denotes the bundle with the characteristic fibre /\ p '' q 'T*M, x G M and /\ p '' q 'T*M 
denotes the subspace of /\ a T*M with a' = p' + q' that is generated by elements of the shape 
v' A w' with v' G /\ p T^M 1 ' and w' G /\ q T*M 0,1 . In addition this decomposition induces natural 
projections 

nP ', q ' . r°°(A a 'r*M) -► r°°(A pV T*M), where a' =p' + q' (73) 
onto the part of type (p',q'). Analogously we have 

x~ r°°(v s T*M) = x^ r°°(v p ' 9 T*M). (74) 

p+q=s 
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Here \J p ' q T*M denotes the bundle with the characteristic fibre \j p ' q T*M, x £ M and \J p ' q T*M 
denotes the subspace of \J S T*M with s = p + q that is generated by elements of the shape v V w 
with v € \f p T*M 1,0 and w £ \J q T*M®' 1 . Again there are the induced projections 

%P , q . y°°(\/ s T*M) -> r°°(V P ' 9 T*M), where s = p + q (75) 

onto the sections of type (p, q). The defined projections extend in a natural way to T°°(f\ T*M) and 
X~ o r°°(V S T*M) setting ir p '> q '(/3) := for (3 £ r°°(A a ' T*M) with a' ^ p' + q' and 7r^(T) := 
for T £ r oo (\/' 5 T*M) with s / p + Using these projections we define the mappings ir P ' g , tt p ' q : 
W(g)A^>V(g)Aon factorized sections T<g>/3€>V(g>Aby 

TT p ' g (T ® /?) := (tt m T) ® /? and (T 8/3) :=T® (tt pV /3). (76) 

From these mappings we obtain further projections onto the purely holomorphic resp. purely 
anti-holomorphic part of the symmetric and the anti-symmetric part of W<S>A by 

oo oo 

7T S , Z :=Y,^° resp. tt,,* := J>°'« (77) 

p=0 g=0 

and 

dim R (M) dim R (M) 

Ka,*:= £ vrf resp. vr^ := £ tt°< (78) 

p'=0 <?'=0 

With these projections we moreover define the projections onto the totally holomorphic resp. totally 
anti-holomorphic part of W® A by 

7i\z := ^s,z^a,z = T^a,z^s,z resp. := 7T S) z7r a) 2 = -Ka^s.z- (79) 

Lemma A.l The mappings defined in equations \77\j , and \79{j are projections, i.e. we have 
t^s,z^s,z = ir s ,z, ^a,z^a,z = ^a,z, ^s,z^s,z = ^s,z, ^a,z^a,z = ^a,z and hence we also have ir z ir z = tt z 
and 7T-7T- = 7T-. Furthermore, these projections are homomorphisms of the undeformed product on 
W®A. In addition ir atZ and ir a ^ are homomorphisms of the fibrewise Wick product o Wick . For all 
a,b £ W<SA we moreover have the equations 

7r s , z (a o Wick b) = n s>z ((ir s , z a) o Wick b) and n S:Z (a o Wick b) = n s> z(a o Wick (ir S)Z b)) (80) 

and 

n z (a o Wick b) = ir z ((-K z a) o Wick b) and -rr z (a o Wick b) = ir z (a o Wick (ir z b)). (81) 
In addition we have a = 7r 2 7r- = 7r^7r z . 

Proof: The proof of this lemma is straightforward using the very definitions and the explicit shape of o wick . 

□ 

Now we consider the mappings 5, 5* and V more closely. Using a local holomorphic chart of 
M the mappings 5 Z , <5—, 5*, 6^, V 2 , V^- • W® A — > W®A are obviously well-defined by 

5 Z := (l®dz k )i s (Z k ), 5* := (&z k ®l)i a (Z k ), V z := (l®dz k )S/ Zk , 

6z : = (l<8dz%(Z,), <5f := (<# ® l)i a (Z,), V z := (1 ® d5*)V^ 18 j 



and we have 5 = S z + 5 Z , 5* = 5* + <5f and V = V z + V z . Completely analogously to the definition 
of 8~ l we now define S^ 1 for a £ W<8>A with (dz l eg l)i s (Zj)a = /ca and (1 Cg &z l )i a (Zi)a = la by 

x f ^6* z a incasefc + ^0 

1 in case fc + 1 = v ; 
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For a G W<S>A with (dz 1 <g> \)i s {Zi)a = ka and (1 ® dz*)i a (Zj)a = la we analogously define 

5 -i a := [ lkS a in case k + Z ^ ( 84 ) 
2 | in case k + I = 

In the following two lemmas we just collect some properties of the defined splittings of the 
mappings 5, b~ x and V. 

Lemma A. 2 For all a G W®A we have the decompositions 

b z x b z a + 8 z 8ja + ir z a = a and b^ 1 b z a + SgSjf a + tt z o = a. (85) 
Furthermore, we have the following relations: 



TT z b = b z TT z , 7T Z V = V Z TT Z , TT z b = b z TT Z 

Kzb = b z Tl z , 7T Z V = VzTT z , TT-b' 1 = 7Tg 



(86) 



Proof: Again the proof is straightforward using the definitions and the property of the pseudo-Kahler 
connection to be compatible with the complex structure. □ 

Lemma A. 3 The holomorphic and anti-holomorphic parts of the mappings b and V satisfy the 
following identities: 



b 2 z =bl= [b z , b-) = 0, [b z , V J = [b-, V-] = 0, 

V 2 Z = Vf = 0, [V z , V z ] = -iad Wick (i?), [b z ,V z ] = fa, V z ] = 0. 

For all b G 7r z (W®A k ), c G ir z (W®A l ), a G W(g)A m we kve: 

5 z 7r 2 (6 o Wick a) = 7r z (b z b o Wick a) + (-l) fe 7r 2 (6 o Wick ba), 
V z ir z (bo Wick a) = ir z (V z bo Wick a) + (-l) fc vr 2 (6 o Wick Va), 

fe(a%ickc) = (-l) m 7r 2 (a o Wick 5 2 c) + TT z (ba o Wick c), 
V 2 7r 2 (a o Wick c) = (-l) m vr 2 -(a o Wick V-c) + ir z (Va o Wick c). 



(87) 



(89) 



Proof: The statements in equation 187(1 directly follow from the properties of 5 and V considering the equa- 
tions S 2 = [5, V] = and V 2 = — iad wick (i?) sorted with respect to the holomorphic and anti-holomorphic 
degrees. Using Lemma rA.2l it is easy to verify ()88|l and (|89|l since 6 and V are super-derivations with respect 
to o wick . □ 



B An Application of Banach's Fixed Point Theorem 

In this appendix we collect some consequences of Banach's fixed point theorem that were very 
useful for divers proofs in Sections |21 and 0J Our presentation which is slightly more general than 
it is actually needed mainly follows |26| Appx. 1.2]. 

First let us recall Banach's fixed point theorem in its usual formulation. We consider a metric 
space (M,d) and a mapping L : A4 — > M. from this space to itself, then L is called contracting in 
case there is a q G R with < q < 1 such that we have d(L(x),L(y)) < qd(x, y) for all x, y G M.. In 
other words this means that L is Lipschitz continuous with Lipschitz constant q. In case (M, d) is 
in addition complete we have that such a contracting mapping L has a unique fixed point according 
to Banach's fixed point theorem: 
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Lemma B.l Let (Ai, d) be a complete metric space and let L : A4 — > A4 be a contracting mapping, 
then L has a unique fixed point xq £ M. that can be obtained by iteration xq = linu^oo L n (x), where 
x € M is arbitrary. 

The idea for the following application of this statement on the one hand is to find an appropriate 
metric such that the considered space becomes a complete metric space and on the other hand to 
guarantee that the relevant mappings are contracting with respect to this metric. Now let R denote 
a ring. Then we consider the Cartesian product V := XJ*L Vfc of R-modules for k E N which again 
is a R-module. We define the order of an element v = (vk)k<=N £ V by o{v) := min{/c G N | v k ^ 0} 
for v ^ and o(0) := +00. Using this definition we define the valuation ip : V — > Q by f(v) := 2~°W 
for and <f(0) := and get the following: 

Lemma B.2 With the notations from above (V = X^qV^,^), where d v is defined by d v (v,w) := 
(p(v — w) for v, w € V, is a complete ultrametric space. Moreover, a mapping L : V —* V is 
contracting with respect to d^ if and only if there KflO<fc£NU {+00} such that 

o{L{v) - L{w)) >k + o{v-w) to, weV. (90) 

In this case 2~ k is a Lipschitz constant for L, where we have set 2~°° := 0. 

Proof: The proof is just a slight modification of the proof in case all the R-modules Vk coincide with Vq- 
The proof for this situation, where V — Vo[[^]] is the space of formal power series with values in Vo and the 
topology induced by d v is the z/-adic topology, can be found in several textbooks e.g. ^3 p. 388] or in the 
article Prop. 2]. □ 
Since the Fedosov algebra W®A is equal to the Cartesian product W(g>A = X£L (W<g)A)( fc ), 
where (W®A)( k ^ denotes the subspace of the elements that are homogeneous of degree k with 
respect to the total degree, i.e. Dega = ka for all a £ (W®A)W, we can apply the above lemma 
and obtain: 

Corollary B.3 i.) A mapping L : — > W^A has a unique fixed point in in case 

there is a < k G N such that for all a,b £ W^A the total degree of the term with lowest 
total degree in L(a) — L(b) is at least higher by k than the total degree of the term of lowest 
total degree in a — b. 

ii.) If L : W<8>A — ► W®A raises the total degree at least by 1 then L is contracting. 

Hi.) Let ir : W(8>A — > WfS'A denote a projection that is continuous with respect to the topology 
induced by the above ultrametric. Then the statements analogous to i.) and ii.) hold for a 
mapping L : ir(W®A) — > ir(W<£)A) and the unique fixed point lies in 7r(>V<8)A). 

Proof: The statements i.) andii.) are obvious from the very definitions. For the proof of iii.) one just has to 
observe that the continuity of tt and the fact that tt is a projection imply that 7r(W®A) = ker(id — ir) C W(g>A 
is closed and hence a complete ultrametric space with respect to the restriction of the metric on W<8>A to 
7r(W®A). □ 
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